We introduce a Monte-Carlo simulation approach to thermodynamic Bethe ansatz (TBA). We exemplify the method on one particle integrable models, which include a free boson and a free fermions systems along with the scaling Lee-Yang model (SLYM). It is confirmed that the central charges and energies are correct to a very good precision, typically 0.1% or so. The advantage of the method is that it enables the calculation of all the dimensions and even the particular partition function.
Conformal field theory in two dimensions and its perturbed integrable models have attracted considerable attention, since the work [1] . A great deal of interest stems from the work of Al. Zamolodchikov who considered first the thermalization of integrable systems (see ref. [2] and ref. therein). See also [3] , and for further develpoments see [4] . Here we offer an approach to thermodynamic Bethe ansatz based on a Monte-Carlo simulation.
We consider a a collection of particles moving in a box of length l. For simplicity we assume only one particle specie in a purely inelastic scattering matrix, S, and also assume periodic boundary condition on the box.
We assume that the particles are at the locations x 1 , x 2 , . . . x n and that the distances x i − x j are large, so that we can use the scattering matrix to compute the relative phase. We denote the scattering amplitude by S(β) where β is the relative rapidity, p = m sinh β is the momentum, E = m cosh β is the energy, and where m is the mass of the particle.
The Bethe ansatz assumes that the wave function is ψ(x 1 , x 2 , . . . , x n ) = r e ixrpr θ(x 1 < x 2 < . . . < x n ) + . . . ,
where the theta ensures that x 1 < x 2 < . . . < x n and the dots correspond to other arrangements of the coordinates, picking up a factor of S(β i − β j ) every time x i crosses x j . For example for two particles, the wave function is
The amplitude in a unitary theory can be written as,
where δ(β) is a real phase.
The basic equation follows from taking a particle all around the box, picking up a phase each time we exchange two particles location and a phase from the wave function factor e ipixi . It is
Taking a log of this equation we arrive at the Bethe equation,
where i and j take the values 1 to n, and n is the number of particles. n i are some integers which determine the energy levels.
The energy of this collection of particles is given bȳ
where r is the inverse temperature,
where T is the temperature, and k is Boltzmann constant. We redefined the energy by multiplying it by r and denoted byĒ.
We define a grand canonical partition function by summing over all the particle numbers, m, without a chemical potential, µ = 0, and summing over the energy levels, n i , taking into account that all the particles are identical. These means that we have to limit the sum on n 1 ≤ n 2 ≤ . . . ≤ n m . The partition function then becomes,
In the case of Fermi statistics, when the n i are all diferent we may write the partition function as,
The average energy is given, as usual, bȳ
The conformal limit is obtained by taking the mass to zero, m → 0. In this limit the partition function becomes only a function of the ratio τ = r/l. lim m→0 Z(m, r, l) = Z(r/l),
and we denote byĒ(r/l) = lim m→0Ē (m, r, l) the average energy in this limit. We expect the partition function to be equal to the path integral on the torus with a modulus iτ of the corresponding conformal field theory. Denote by H the Hilbert space of this theory. Then the following correspondence emerges,
where L 0 andL 0 are the left and right moments of the stress energy tensor, i.e.,
the Hamiltonians of the system, whose eigenvalues are the conformal dimensions.
The relation, eq. (12), can be used to evaluate all the dimension of the CFT and even the particular modular invariant used, by evaluating the partition function.
We can now use modular invariance [5, 6] . This means that the function,
where c is the central charge, is invariant under l and r replaced,
By deriving the log of this equation with respect to r, we get a relation among
This is a very useful relation for evaluating the central charge. An exception to this relation occurs for free bosons where: 1) There is an infinite factor in Z due to the zero mode, n i = 0, which we can ignore (or eliminate by giving a chemical potential µ, for the n i = 0 mode. 2) f has to be multiplied by
to make it modular invariant. This changes the relation eq. (15), to bē E(r/l) +Ē(l/r) + 1 = 2πc 12
where the central charge c = 1 for one free boson.
We start by studying some simple examples, which we take to be systems of one free boson or one free fermion.
For a free boson the different modes are independent and the partition function for the system is readily evaluated to be,
where s m is the number of particles at the mth energy level and we defined q to be
We ignored the zero mode which is a constant (infinite) factor, which can be controlled by adding a chemical potential, as explained above.
We see immediately, that eq. (12) is indeed obeyed, and that Z is exactly the partition function of one free boson, on a torus with a modulus iτ . We can also verify that equation (17) holds giving the central charge c = 1 as expected.
Let us consider now a system of one free fermion. We assume that δ(β) = 0 and that the boundary condition is anti-periodic. We take a Fermi statistics, i.e., only one particle is allowed for each energy level. This implies that the Bethe equation, eq. (5), becomes,
and the partition function becomes,
where q is again given by eq. (19).
Again, this is precisely the partition function for a free fermion in the Neveu-Schwarz sector, confirming eq. (12) . We can verify that eq. (15) holds, giving the correct central charge, c = 1/2.
The Ramond sector is obtained by taking the trivial scattering matrix S = 1, periodic boundary conditions and Fermi statistics. The partition function can be easily evaluated using eqs. (5, 9) , and it is
We see that, indeed, it is identical to the free fermion CFT partition function, which is
We note however, that the overall factor is different. Thus we definē
where ∆ is the dimension of the primary field corresponding to this block, and χ R is the usual Ramond character. We then see that the correspondence with the CFT is,
We conclude that two differences arise, in general, in eq. (12): 1) Each block in the CFT occurs for a different boundary conditions. 2) The overall factor eq.
(24) has to be eliminated, making the character into a "q-series", i.e., only integer non-negative powers of q are allowed in the character. Now, for an interacting system it is quite difficult, in general, to compute this partition function. For example, the Lee-Yang theory M (2, 5) , which is the perturbed minimal model with p = 2 and q = 5 [1] . This theory has only one particle in the spectrum, particle A with a mass m and the scattering amplitude
Thus, we resort to a numerical algorithm for evaluating the partition function Z(m, r, l). There are two stages in this algorithm, which are basically, 1) Solving the basic equation (5). 2) Simulating the grand canonical ensemble eq. (8).
To solve the equation we must calculateĒ(n i ) for any set of levels, n i . This we do by taking the initial guess β 0 i = 0 and solving eq. (5) by iterations,
where s denotes the sth iteration. Usually 5 or so iterations are enough to get β i with sufficient precision (10 −6 or so).
The second stage we use is to make a Monte-Carlo simulation of the system using a Metropolis type algorithm, in order to find the average energy,Ē(m, r, l).
We use three types of steps, preserving the detailed balance to get the correct population of particles.
For the first step, we change any of the n s 's for all the s by one n s → n s ± 1, n 1 , n 2 , . . . , n m −→ n 1 , n 2 , . . . , n s−1 , n s ± 1, n s+1 , . . . , n m .
If the energy of the new configuration is less, we accept the new configuration. If the energy is greater, we accept it with the probability
which ensures the detailed balance distribution of probability exp[−Ē]. This step allows us to move in momentum space, corresponding to a thermalized random walk in the n lattice, covering all the possible values of n s (ergodicity).
The second and third steps allow for changing the numbers of particles. i.e., we either insert a new level somewhere, n s = 0 for some s, or eliminating a level which is zero n r = 0. The adding of a particle corresponds to the step:
and the elimination of a particle corresponds to the step
Again we take the new configuration if its energy is lower. If the new configuration is higher in energy, we take the new configuration with the probability eq. (28). This allows the change of the number of particles and the population of energy levels is according to the grand canonical distribution eq. (8). The relation eq. (28) ensures the correct detailed balance. We use configurations of n s = 0 as "gateways" to change the number of particles, deleting or adding only zero energy levels.
Actually, the algorithm above does not take into account the ordering of the energy levels, n 1 ≤ n 2 ≤ . . . ≤ n m . This we do in a different way for bosons and fermions. For fermions we add a particle with the probability exp[−∆E]/(m + 1) if the energy is higher, and 1 if it is lower. We delete a particle with the energy exp[−∆E] if the energy is higher and 1/(m + 1) if it is lower. If the n i already contains some n i = 0 we do not add a particle, and leave the configuration unchanged. Likewise if the configuration does not contain 0 we do not delete a particle.
For free fermions this algorithm can be simplified since adding a particle always raises the energy, and deleting it always lowers it. So, we add a particle with the probability exp[−∆E]/(m + 1) and remove it with the probability 1.
For bosons we use the same algorithm but allow only the configurations which are ordered: n 1 ≤ n 2 ≤ . . . ≤ n m discarding any other new configurations. We change n i → n i ± 1 at some location. If the new configuration is not ordered, we do not make the change. This guarantees detailed balance.
This allows us to calculate the energies, eq. (10), preserving correctly the detailed balance.
The easiest systems to simulate are, of course, the free fermions and free boson systems. For a free fermion system we took δ(β) = 0 along with antiperiodic boundary condition and Fermi statistics. For r/l ≤ 1 we took 10000000 sweeps for each temperature, and for r/l ≥ 1 we took 400000000 sweeps. The results are listed in tables (1) and (2). HereĒ mc and N mc are the average energy and average particle numbers, as found in the simulation. We define the "partial" central charge as:
and the central charge is given by, using eq. (15),
where c is the Monte-Carlo value of the central charge of the theory. For example we can calculate, from tables (1-2), c mc (0.5) + c mc (2) = 0.481836 + 0.0178107 = 0.499647,
which is impressively close to the actual central charge c = 0.5, in accordance with eq. (15).
E calc is the energy calculated from eq. (10). Here the average number of particles N calc is calculated by introducing a chemical potential µ,
for Bose statistics. For Fermi statistics we have,
For a free fermion Z assumes the form,
and for a free boson it is
The energy is given as in eq. (10),
We calculate the derivative with respect to µ to get the average number of particles,
From tables (1-2), we see that across the range of temperatures the average energy and average N are typically only 0.1% off the calculated numbers, which is a very reasonable correspondence. This demonstrates the very agreeable efficacy of the Monte-Carlo approach.
In tables (3-4) we list the results for a free boson system, for r/l ≤ 1 (table (3)) and r/l ≥ 1 (table (4)). We take a chemical potential for the zero modes, µ = 0.5. At these value only a few n i = 0 are created. Also we make 100000000 sweeps of the Monte-Carlo. Again, the correspondence between the Monte-Carlo results and the calculated ones is very good, around 0.1%. We defined here c mc as c mc (r/l) = 12[E(r/l) + 1/2] 2π(l/r + r/l) .
It follows from eq. (17) that the Monte Carlo value of the central charge is, again, 
which is very close to the theoretical value c = 1.
The zero modes of the bosonic system, i.e., for n i = 0 have to be treated carefully, since they have zero energy. First, we introduce a chemical potential, only for the zero modes, in the Monte-Carlo simulation. Second, in calculating N mc we count only the number of the non-zero modes, in order to correspond with eq. (37), the partition function. We see from tables (3-4) that this leads to a very good agreement with the theoretical results.
We now turn our attention to the scaling Lee Yang model, which is the perturbed minimal model M (2, 5) . We first need to establish some facts about the minimal models, in general [1] . The models are labeled by two integers p and p ′ assumed to be strange to each other, and labeled by M(p, p ′ ). The central charge
The fields are given by n = 1, 2, . . . , p − 1 and m = 1, 2, . . . , p ′ − 1, denoted by φ n,m whose dimensions are
The field φ n,m is identical to the field φ p−n,p ′ −m . These models are unitary only for
In particular, the model M(2, 5) is not unitary. However, it is only "weakly" non-unitary, since the scattering matrix S AA , eq. (26) is unitary and also, as we shall see, the model is modular invariant. This enables us to calculate the partition function as if it was a unitary theory.
The character of the field φ m,n is defined by
We define the classical theta functions at the level p by [9],
where n is defined modulo 2p. The theta functions are modular forms, transforming by the modular transformation τ → −1/τ as [9]
where the sum is overn modulo 2p and the matrix S is given by
The charaters of the minimal model, M(p, p ′ ) can then be seen to be,
where we defined,
and where the Dedekind eta function is defined by,
It is immediately seen that these characters give the correct central charge and dimensions, eq. (43-44). Moreover, they give the null vector for the field φ n,m at the levels ∆ = ∆ n,m + mn and ∆ = ∆ n,m + (p − n)(p ′ − m), in accordance with [1] .
The characters, so defined, are modular functions of a subgroup of the modular group. They are seen to transform according to,
where the matrix W is can be seen, from eq. (48), to be
It is immediately seen that the theory M(p, p ′ ) is equivalent, at the level of the modular matrix, to SU(2) × SU(2) at the "pseudo" levels p/p ′ and p ′ /p [10, 11] ,
The factor (−1) nm+mn in equation (53) can be ignored since the left movers and the right movers differ by an even integer. Here, twice the SU(2) isospin is given by j = n − 1, l = m − 1,j =n − 1,l =m − 1, and the level is k = p − 2, k ′ = p ′ − 2.
In this notation, the modular matrix of SU(2) p ′ /p is given by [9, 6, 10, 11] S j,j = 2 k + 2 sin p ′ π(j + 1)(j + 1)
and, indeed, eq. (53) is exactly a product of two such factors, for p/p ′ and for p ′ /p.
For the modular transformation T , which is generated by τ → τ + 1, we have T n,m = e 2πi(∆n,m−c/24) = e 2πin 2 p ′ /(4p) e 2πim 2 p/(4p ′ ) (−1) mn e −2πic/24 .
The factor (−1) mn is irrelevant since it cancels between the right and left movers, as they differ by an even number, and so is the factor with the central charge. The other factors correspond exactly to the dimensions of SU(2) p/p ′ and SU(2) p ′ /p ,
and ∆ l = p l(l + 2) 4(k ′ + 2) .
We infer that, also, the modular matrix T is a product of two SU(2)'s at the pseudo levels p and p ′ . (At the level of the dimensions, the correspondence with SU(2) × SU (2) was noted already in [12] ).
We conclude that the general modular invariant partition function is given by,
where the factor of 1/2 accounts for the field identifications, and where N and K are any modular invariants of SU(2) at the levels k = p − 2 and k ′ = p ′ − 2, respectively, which are in relation with the simply laced Lie algebras of types ADE [6, 13] . For a proof see [14] . This solves the problem of classifying the acceptable partition functions.
The modular transformations also imply that the fusion rules of the model M(p, p ′ ) are the same as a product of two SU(2)'s,
where f p n,n,q is the fusion rule of SU(2) at the level k = p − 2 according to the "depth rule" [6] . We have that f p n,n,q is equal to one if: n+n+q = 1 mod 2, q ≥ |n−n|+1, q ≤ min(n+n−1, 2p−n−n−1), (61) and is zero otherwise.
For the model M (2, 5) , the SLYM, we have two fields φ 1,1 = 1, which is the unit operator, and φ = φ 1,2 which has the dimension ∆ 1,2 = −1/5. According to eq. (59), only the diagonal modular invariant is allowed in this case.
The fusion rules are easily read from eqs. (60-61) and are given by,
These are the same fusion rules as (G 2 ) 1 and SU(2) 3 /Z 2 . The later is the conformal theory consisting of the integer isospin representations of SU(2) 3 , see [10] .
However, the modular matrix of M(2, 5) is at pseudo level 2 of SU(2) 3 and so is different from these cases (which are at the pseudo levels ±1).
It is convenient to define the characters,
so thatχ contains only integer powers of q (a "q-series") starting at 1. The square of this object is what we actually compute in the Monte-Carlo simulation, and with which we want to make the comparison. We have approximately, using eq.
(49), the character of the identity,
and of the field φ,χ
where we defined, as usual,
and were, for the comparison, τ = ir/l, following eq. (12) . The square of one of these two quatities, we expect to recover in the Monte-Carlo simulation, according to eq. (12) . Now, in the conformal limit, m → 0, we can, actually, solve exactly the Bethe ansatz for the SLYM system, eq. (5) . Inspecting the scattering matrix in this case, δ AA (β), we see from eq. (26) that
and that for β = 0, δ AA (β) = π and that for β >> 1, δ AA (β) = 0. This means that in eq. (5), since we can assume that if β i − β j is not zero, it is very big, so if n i = n j then the Bethe equation for i and j decouples. This implies that we need to solve the partition function only for n i 's which are all the same. In this case, we simply need to take n i → n i − 1/2 if the number of particles is even, and to leave it unchanged, n i , if the number of particles is odd.
We conclude that the partition function for SLYM is:
(We omited the zero mode, which gives an infinite factor, and as explained before, it can be controled by adding a chemical potential for the zero mode.) It is immediately observed that this partition function, eq. (68), is different from the square of the characters, eqs. (64-65). We conclude that the scattering matrix, eq.
(26) needs to be modified by a "Z-factor" to make it correct for the SLYM system.
We conjecture that it needs to be multiplied by the solution of the Yang Baxter equation based on the Hard Hexagon model, IRF ((G 2 ) 1 , φ, φ) [10] . Further work on this is required.
We hope that the Monte-Carlo simulation approach to the thermodynamic Bethe ansatz can be a valuable tool in the investigation of integrable systems, and as demonstrated here it can lead to very precise results. 
